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The classic formula for integral entropy production is substantiated by kinetic
considerations on the example of gas flow in a plane — parallel channel under
conditions in which the mean free path is comparable with the distance bet -
ween walls. A system of moment equations for calculating coefficients of
expansion of the function in velocity polynomials is derived on the basis of
local entropy production. The obtained system is solved for the flow of a sim-
ple gas, induced by longitudinal pressure and temperature gradients, It is
shown by direct calculations that the approximate solution obtained in this
manner results in the exact fulfilment of the Onsager symmetry relations for
kinetic coefficients,

The Chapman-~ Enskog method, which is applicable in cases when the state of gas
differs only slightly. from equilibrium (e, g., when gradients of macroscopic quantities
are not large ), is widely used for obtaining a closed system of transport equations, i.e,
equations of hydrodynamics. The last condition reduces to the stipulation of smallness
of the Knudsen number, At fairly high vacuums the Chapman - Enskog method in its
classical form becomes inapplicable,

Problems with two characteristic geometric dimensions are frequent. It is possible
to construct in that case a generalized Chapman - Enskog method with two Knudsen
numbers, one of which is small and the other, arbitrary. The physically obvious stipu-
lation is that in case of smallness of the two Knudsen numbers the generalized method
converts to the classic Chapman - Enskog method.

1, We write the Boltzmann equations as

a}'a . I (faa fa) (1. 1)

Vagr

where I (fs, fo) is the Boltzmann collision integral, and seek a solution of Eq. (1.1)

of the form .
fo = f° (1 + @a)

where @, is a small addition proportional to the "longitudinal® Knudsen number (be -
low for brevity we shall call "longitudinal® and *transverse" Knudsen numbers the ratios
Kn, = A/S and Kn, = A/ L , respectively, with S and L being characteristic
geometric scales of the problem and A representing the mean free path of gas molecu -
les).
After linearization we obtain the equation
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afao of .° 3, 8
Uax dx A+_ Uiz oz L‘ UU‘ \(Pa & + fa Uq,,‘ fpla (1. 2)
i I (facy ,fao) ’!“ faol ((Pa)

where z and x are the longitudinal and transverse coordinates, The sequence of con~
secutive approximations (with respect toKn,) is of the form

af,°

vux o -"I(fa 7fa) (1‘3)
af,° 39 f o .

Paz =7 8z + }1 Vax —=—— az + Do Pax T ((Pa) (1' 4)

The local Maxwell distribution whose parameters are independent of x satisfy Eq,
(1.3). We use it as the zero approximation of the sought solution. The solution of Eq.
(1. 4) is valid for any arbitrary Knudsen number, and makes it possible to determine the
macro - properties of flow for arbitrary vacuums at any distance from the surfaces boun -
ding the gas, An exact solution of Eq, (1.4) is only possible in certain special cases [1].
Hence it is usual to resort to various approximate methods when considering such prob -
lems, Here we use the moment method,

2, First, we shall show that thermodynamics of irreversible processes can be suc~
cessfully applied to the study of phenomena in which properties of gas in Knudsen
layers at the gas=solid body interface play a substantial part.

We use Eq.(1.4) for investigating the gas flow in a plane - parallel channel of
length S and width 2L. Multiplying both sides of the equation by ¢, and integrating
with respect to momenta p, of molecules, we obtain

dnf.°

I
S Palazfa’ "‘“‘3‘5‘1“ dps + S‘Pavavfao ’5’1}9‘[" dpy = ( Pafa’l (Pa) dPa (2.1
o
We multiply both sides of Eq. (2.1) by the Boltzmann constant, sum up over all kinds
of o molecules, and average over the channel volume. Denoting the entropy produc -
tion per unit of gas volume in the channel by As, , we obtain

S L
din fa aq;az R
Zizgg SR S (q)1l/’az + U\zx o )fa dp;dzdx: _ — AO': (2, 2)
a I

We substitute for f,° the expression

my 1 o)
exp T ua‘““é“'ua"

/

where Ma is the chemical potential of component o and m, is the mass of a mole -
cule, and introduce the notation J,™(z) and J,* (x) for the density vectors of mass
and energy fluxes, respectively. Then instead of (2.2) we have

mz{g W" (@3 (55) = T () 3 () | sz
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—l—kSS§f°v 2 (9 gpodz) = —
T aaxaz\2>pa$}—— Ao,
-1

" (x) == Ny S Pafa’Vadp,
I (z) = '17' Maq S Qafu’Valadpa

Denoting by J,™ and 3. the fluxes of mass and energy averaged over the channel
cross section, we finally obtain

Kl m vT 3 V}La
Ao, = 2[(»‘:“‘%3 )"ij 4 Jm ——7—] (2.3)
E X0, Pl L T (S)— T (0)
— gz 3\ fee Ty dpa |, VT = SRR

ey (S) - Py (0)
s

Thus the formula for entropy production in gas differs from the classic formula [3] by the
additional term related to the properties of gas in the Knudsen layer at the channel wall.

Formula (2.3) determines the entropy production that is due only to collisions bet -
ween the molecules themselves, In the considered case the interaction between gas and
channel walls plays an important part, It also defines a certain amount of entropy pro-
duction in the gas, which must be added to the right - hand side of formula (2,3). It
can be calculated as follows, The distribution of molecules impinging on the wall sur~
face at x = L is f«* and of molecules scattered by the latter is f,~ ( the superscript
defines the sign of the - component of molecule velocity). If the law of interaction
between gas and wall is not specular, these functions are substantially different, Thus
the molecules impinging on the wall carry an entropy flux of density J* (0) and those
reflected from the wall, a flux of density J° (8)

PO - —kY, { vicingldp
x>0
~
r@)=—kY | vioInfodp.
L&" PO
where § is the nomina}l thickness of the wall material in which the described transfor -
mation of the distribution function takes place., The equation of entropy balance is

div J® = Ac,*

where Ag,,*is the entropy production in the & layer per unit of the layer volume. We
integrate this equality over the layer volume S0 and relate it to the channel volume .,
For the entropy production in the surface layer of the wall x = [ we obtain the formula

Ao, = Tk[: x { S Vaxfa 10 fo"dpa + & Varfa' In fa+dpa}

a v,.<0 Ux>0

S Z_ S Vaxfa In fadPa
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The formula for entropy production in the surface layer of the wall * = —L is of the
same form, Taking into account the difference of signs of velocity components v, we
finally obtain for the entropy production by the collision of gas molecules with the chan-
nel walls the formula

L

k Lk o Pa®
80y =37 3\ varfuln fudpal * = 57 3" Qoucte® 5.
a -L a —

The total entropy production per unit of channel volume Ac= Ag; + A0, has the
classic form of the bilinear combination of thermodynamic forces and fluxes, This re -
sult positively solves the question of validity of application of irreversible process ther-
modynamics to problem in which'the properties of gas inside Knudsen layers are effec -
tively taken into consideration, In particular the thermodynamic equations of motion
retain their form. Thus for a simple gas we have

(2.4)

- vr \Y
= Lu T + Ly *[3‘ (2.9)
- 3" VT v
u = LZIW'*" Lzz—TP
and for a binary gas mixture
- vT Ve \
q-= au-ﬁ*-’ralz—T—l-*— als'T—p (2. 6)

— vT Ve
(uy — W) P = ag1 =55 - Oon = - Qo — T
._m‘ ”1”2( V01 VP

— vT
Vo+ u; — Ug) = Ogy —m5~ T2 + Qg 7 T +033T

q= Z(J v ——g— I;Z; Ja’"), Vo = —é—zpaua

a

= Coy =— ~——
ua pa ? a n

where q is the vector of heat flux density, u, is the mass velocity of molecules of
the o kind, v, is the mean mass velocity of the mixture, p is the density, p is
the pressure, ¢, is the concentration of particles of the @ kind, and n is the total
number of particles in a unit of volume. Note that the combination

me-—my; B 1
Vo+'——2p L 12(1—u2)—72naua

a
constitutes the mean molar velocity of the mixture.

8. The determination of moments of the kinetic equation poses the question of
selecting velocity polynomials that are to be used for this purpose. So far this problem
has not been satisfactorily elucidated in literature, It is, therefore, pertinent to pro-
pose one of the criteria of such selection, We shall base it on the principles of thermo-
dynamics of irreversible processes.

In a stationary case the equation of entropy balance in gas is

div J* = Ac 3.1)
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It can be shown that equality (3.1) is equivalent to the relation
o Inf,° 0q,
2 gdpaq;afa [Uaz %z 4 Vay Frali 1 ((Pa)J =0 (3.2)

The exact solution of Eq, (1,4) satisfies also equality (3.2). We stipulate that the ap-
proximate solution is to satisfy also (3.2), Let us consider a simple gas. We rewrite
equality (3.2) in the form

Sdmw” 0. 251 + v 2= del (@) (3.3)

and seek the solution of Eq. (1.4) in the form of a series in certain polynomials of mo-

lecule velocity ¢ )
KT
o=Y @@ P.(e), c:v/]/2T
1

Substituting ¢ into the left - hand side of equality (3,3) we obtain

o dlnf° - E)a;(x) ’
Sdp Z a; (z) f°P; () [vz i;]z,f + v, L a’x Py (e)| = Z a;J; (3.4)
1 P » -

o da. (
J, = Sdpf°Pi (e) [v, 9 1;;/ + v, Z a;:z) P, (c)]
%

i, e. the local entropy production is also represented in the form of a bilineal combina-
tion of forces a; and fluxes J;. Hence the local thermodynamic equations of motion
can also be represented in the form

Ji= 2 Lia, (3.5)

with coefficients [,; satisfying the Onsager symmetry relation, The comparison of
(3.4) and (3.5) shows that (3.5) are moment equations derived from Eq. (1.4) with
the use of the same polynomials that were used for approximating function ¢, and that
coefficients L;,

Ly=\ PP (P)dp

This method of deriving moment equations seems to be preferable to the conventio-
nal formal one in which arbitrary velocity polynomials are used, since it a priori en-
sures the fulfilment of the entropy balance condition, This with the use of equality(3.3)
makes it possible to repeat the reasoning in Sect. 2 also for the approximate solution of
@ (z, ¢) , and obtain Egs.(2,5) and (2. 6) with coefficients that satisfy the Onsager
principle ,

4. Let us apply the indicated method for determining function @ (z, ¢) and the
macro - properties of the flow of gas in a plane channel in which small independent lon~
gitudinal pressure and temperature gradients are maintained, We shall use the method
of half - space expansions [3,4]., Following Maxwell we assume that the molecule dis-
tribution function becomes discontimuous when v, = Q in proximity of the channel
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walls, However we specify that within the volume of gas it must be continuous and
converts to the known Chapman - Enskog solution. These conditions determine the form
of approximation of function ¢ (x, ¢)

¢ = ¢, lagt (2) + caar® (@) + (2 — %) ayF (&) +
(2 — 1) ay* (@)]

For the boundary conditions we use Maxwell's condition: portion € of molecules
is diffusely reflected from the walls, while the reflection of the 1 — & portion is spe -
cular, We omit solution details (see Sect,5) and present the obtained formulas for mean
velocity and densities of momentum and heat fluxes

1 (@) 5 @ = 12) = AL EZE Py (2,0) | Vap — (4.1
711-—3— Fa(x,e)V, Inp -+ %‘%F;} (z,8)V, InT

Oy, == — M Sdpvxvch (x) f°=aV,p (4.2)

0 (@) = 4[4+ @y (5,0) g Kng®y (2,9)|Vop—  (4:)

% {1 4+ —2  Kn, @ (=, 8)] v.T

:
2—¢

where »# and 1) are the coefficients of thermal conductivity and dynamic viscosity of
gas, In the derivation of these formulas it was assumed that the gas is monatomic, mo-
lecules were simulated by hard spheres, and functions F; (z, &) and ®; (z, &) were
those defined in Sect. 5.

Let us consider equality (4.1). Its first two terms were analyzed in some detail in
[1], where a similar formula was obtained by the method of elementary solutions with
the use of the Batnagar - Gross - Crook model, The third term defines the thermal slip
phenomenon; it consists of three components:

1) a quantity formally independent (for & =% () ) on the law of interaction bet-
ween gas molecules and wall; this part of thermal slip was determined in the known
work of Maxwell;

2) slip not accounted for by Maxwell which is due to the distortion of the distribu-
tion function of molecules impinging on the wall as the result of their interaction with
molecules reflected by the wall;

3) the related to this effect of the appearance of the thermal slip velocity profile
localized in the Knudsen layer. Because of this the micro- and macroscopic thermal
slip velocities differ,

The similarity structure of the second and third terms of the right-hand side of
equality (4. 1) suggests the possibility of considering the first of these as the slip induced
by a pressure gradient, We shall call it "baroslip” (in [ 1] this effect is called second
order slip).

According to the principle of duality an isothermal heat flux defined in the first set
of brackets in (4,3) corresponds to the thermal slip. Its component which is independent
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of the coordinate, as shown in the book by Chapman and Cowling,is the so-called bulk
isothermal transport heat, The second part of that heat is localized in the Knudsenlayer,
It is also dependent on the law of interaction between gas molecules and wall, The na-
ture of heatconduction is similar:its volurme component is defined by the usual thermal
conductivity coefficient and the correction defines heat transfer in the boundary layer,
We average (4.1) and (4.3) over the channel cross section and compare the result
with Egs. (2.5). We can then write formulas for kinetic coefficients L;;, the expressions

Ln=—#*[14 =
T [1+_c1>1 (e, Kng) +

=
2 p
3 ~
L21=T"IPLTF3(8, Kn,)
T

Kng (Dg (8 an)]

_ Kn, @ (¢, an)]

5 - 5 .
[__%__L2 + ’SiLang 2 £ F1 (8, Kng) ‘{" 'g;' “'g‘ﬁ 2(8, an)J

29
where the upper dash denotes values of related functions averaged over the channel cross
section, According to the principle of Onsager L;, = L,;, Le. the equality
Fy _ D, (4.4)
5 =1+ 5+ gy Kns

must be satisfied.

Calculations (see Sect.5) had confirmed that the derived approximate solution
satisfies that equality (in the limit case of Kn, > 1 this result is obtained analyti-
cally, however, the computation of coefficients was generally effected by numerical
methods ).

5. Appendix . A detailed description of the procedure for determining the coef~
ficients of the expansion of function ¢ (z, ¢) approximated by three velocity polynomials,
appears in [4]. The method used in this paper does not differ from that, except for the

number of polynomials used in the approximation, We use the notation
31'2 = gyt =& ay 3:3,4 = al+ + ", 25,6 = a2+iag—s x?’s = a3+_+.. ag

For the derivation of moments of the kinetic equation we use polynomials

.5 1
P Cxcz’ L‘-z (CZ—T‘), Cz (cx2——-—2—>

(NN Y PP L
e =Te T TR Tl S\ T e

The solution of the system of linear differential equations yields for z; (z) the for~
mula

. shax, i==3 6,8
gy ) ] » Oy
7 (@) =2 Z ‘B IY”( 1 A’"Cm’x{chuw i==4,57
m, j=1 j

where | B;; | is the determinant with elements

]
By, _173Js}1aL y,;JchaL
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&
Bys = Yg; Sh ;L — 5 Vg ch oy L

&
Bajmyejsh ;L -5 V—;jch“]‘L, i=1,2,3

where Cy,; is a minor of determinant | B;;| obtained by the deletion of the m ~th row
and j-~th column.
We adduce for reference, the values of constants v;; (ys; = 1)

Yo = 10.751, vy = —19.4759, ve = —0.4344, vy, = 13.779
Yar & —9,0647

Yoo = —3.1047, 7y, = 3,5278, yg, = —0,7640, 7y, = 2.5864
Vag = 2.1941

Vs = 19.5218, w3 = —25.7145, wyg = —0.6748, v, = 8.7753
vez = —6.5084

The eigenvalues are
o; = 0.80307 /A, @, = 1.5967 /A, oz = 3.7789 /A
Symbol 4, denotes the combinations

A= 2L Vylnp
3

PR 3 q 8 2

2=2—¢ "L Vo —Q-VzlnP*-VzlnT>
3 3 7 8 8

i ey S A A

The velocity of gas and the heat flux are

1
v, @)= Y5 [21 )+ (x)]

25T \Ys 1
g, = %’(T) [st(x)+ Ve w;(ﬁ)-i-z-:(x)]

The substitution of the expressions for z; {(z) yields

};n v{V?z o7

2 -
T E IV, Inp— T (VR A+ Ay Ay +

u, (2) =
3

J— Z (- 1)J+mAmij [(*‘V'—%VM—{— 1 -}-y?}.) ch (le —

m, j=1

( Ya; 14 y73> cha,; x]}
(@) = %( i >‘/:{2:8

--—-——-—1 1
] Bij | Z (— 1)m+JAmCmJ (5 -+ 7;‘ Va5 -+ Y75) ch (Ija:}

m, 3==1

The introduction of notation
Dyj = Clj’ Dy; = =1 (Cy5 — 4Csp), Dy; = — Cy;

’ 3
G =77 O On =738 Csj =40y, Go5=—15 Oy
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1 -1
j="‘2(_ﬁ 745+1+V7j>< V~ ‘\’4]+1+Y7J>
F—1+2 2( 1) IB (V— V4J+1+?7J>

cha]z
Ch“jL<1+Ma chaL)

G,L p
D, —-LZ( '1)| ] (‘g 73]+6?6]+2'\78])a chaz

yields formulas (4, 1) and (4.3).
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of this paper for printing.
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